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The structure of the anisotropic indirect quadrupolar spin-spin interaction, and its effect on
the spin dynamics associated with pure NQR time-domain response, is considered in terms of
spherical tensor operator bases and multipole theory. The advantages of symmetry-adapting
the Liouville bases is discussed for / = 3/2 spin systems.

In particular, symmetrized state space bases for the n-fold quadrupole cluster under S, are
introduced and enumerated for / = 3/2 and »n = 4, as an initial step in the process. Symmetrized
Liouville space bases for the [A], problems involving [3/2:3/2] and [5/2:5/2] spin pairs under
the group S, are presented to illustrate the structure of the multipole calculations of the spin
evolution under the specific spin-spin interaction term. Such systems are of especial interest on
account of the nature of the molecular solids Br, and I,.

1. Introduction

There has been some renewal of interest in
quadrupolar spin-spin, Q—Q, interactions both in
the pure NQR of molecular solids, and as the
dominant term for heavy nuclei in zero field NMR
[1]. In connection with the former, time-domain
techniques hold definite advantages over cw meth-
ods [2]. Pulse methods can be conveniently de-
scribed for all 7 spins in terms of spherical tensor
T*4(v) operator bases [3] and the multipole theory.
The [A]l,=AA’, Io=1 spin system of NMR is
amenable to symmetry adaptation under the sym-
metric group, S; [4]: these developments in respect of
Liouville space incorporate many of the ideas used
in applying group theory to ordinary state space
problems [5]. The inner direct product subgroup [6]
retains a significant role.

The observation of Q—Q interactions in NQR,
from the earliest experiments [7] on molecular I, to
the most recent one on GaSe [8], have been hindered
by inadequate resolution; other experimental meth-
ods [9] have offered no improvement on this
question. However, such Q-Q interactions, for
solids involving high spin heavy nuclei, may play an
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important role in finally determining whether higher
order terms are involved.

The wealth of contributing terms in molecular
paramagnetism of metal-metal cluster solids [10, 11]
has lead to some insight concerning spin-spin inter-
actions for / = 1 in NMR [1] with some relevance to
NQR. The effective range of J;; and K;; couplings
could account for greater structure, only part of
which (see eq. (2)) may be observable in NQR at
present. Such ideas will be considered in the context
of the use of the Liouville equation for spin evolu-
tion in a symmetry partitioned form [4], appropriate
to spin systems involving permutation symmetry.
The spin dynamics of single quadrupolar spins has
been established [12, 13] and is subject to partition-
ing of the Liouville equation under the SO(3) group
only in the case of vanishing asymmetry parameters.
The Q—-Q problem incorporates terms from the
single spin treatments and then considers the inter-
action term for z (e.f.g.) taken parallel to J.. In
addition to any internal permutation symmetry
effects, it is necessary to consider the external sym-
metry of the nuclei in the solid.

The interaction term for like-resonant pairs of
spins [3/2:3/2], or [5/2:5/2] is a weak perturbation,
compared to the zero order single quadrupole
terms. It may be considered in a coupled tensor
form involving spin cluster interactions, as discussed
for NMR by Sanctuary and Selwyn [14]. Inter-
halogen solids could possibly provides examples in
NQR of such (® 3/2), clusters under various S,
internal symmetries [4]. Symmetry adaptation of
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tensor formulations of other forms of spectroscopy
have been the subject of much recent theoretical
work [15]. The distinction between these uses and
symmetry adaptation arising from cluster spin per-
mutation properties in NMR, or NQR, are implicit
in the internal nature of the latter and in the totally
different bases involved in the two problems.

2. Theoretical Background

In the molecular solids, Cl,, Brp, or I, the
presence of external symmetry derived from the
unit cell introduces parameters associated with the
mirror plane symmetry. These are analogous to u/g
designations of certain molecular point groups. For
such solids this leads to an additional summation,
generally over a pair of molecules related by mirror
symmetry.

2.1 Hamiltonian for Identical Resonant Quadrupoles

For convenience, the hamiltonian is divided into
zeroth order terms and weak perturbations. The
form of H® adopted needs to reflect the permuta-
tion symmetry under a S, group associated with
the quadrupolar spin cluster within the molecule.
For the I, solid previously referred to, this leads to
the formulation of the zeroth order hamiltonian as

5

2 ’ |
HO =Y 432 -1+ D+ V36 nina+ 12, )
i=1

The most general form of the weak perturbation
Q—Q term is simply

HY = Z {Ji/' I 1:/' + Ki/'(lxil.\'j+ 1,\'1' Iu)} (2)
i<j

=Z iy = Kig) Ly Iy + Ky 1 L}, 3)
i<j

where the last term of (3) corresponds to the
bilinear tensor 7°°(11) of [16]. The form of J;; I.; I;
has more involved form than the dot product under
SO(3), as discussed in the previous paper.

For the X, halogen solids, (1) leads to a zeroth
term for the molecular clusters of

sO= 24 22+ n/V6 (7P + 277 &

with the i and i’ parameters running over the spins
within a cluster, and the clusters within a pair of

molecules under the external symmetry. As in the
single quadrupole case,

A=eQq¥4)QRI+3) I+ 1)/[SIRI-1)].

The exact solution of the single spin 5/2 case has
already been given in a related paper [13].

The introduction of bilinear Liouville operators
for the form of Q—Q interaction suggests the need
for a uniform notation. This is possible from the

property

T (ki ko) =[5+ 1) 21+ )]
(5)
» & et 1)k*q( 5 ko kz) kit ks
9192 —-q 91 92
which allows _~© to be written in the forms 729 (20)
and T27(02). The anisotropic interaction then be-
comes

PAOED ? K; (1)

+ (= Kip) (7211 = 2711} (6)
with
K0k ki) = [Tk k), )= (7

Previous evaluations of the isotropic scalar coupling
tensor over Liouville space mostly have been limit-
ed to the spin [1/2:1/2] case.

The coupled tensor format also necessitates a
description of the density operator in corresponding
terms, namely,

214215 k
o(t)=1E+ 2 2Pl (kyky) TH (ki ko) (8)
k=1 q kik:

whose adjoint, and expectation value (as derived
from the trace metric) are fully described in [14]. It
follows that the quantum-Liouville equation be-
comes a set of coupled differential equations

ihd=ra )

which span a vector derived from @ over the
allowed range of parameters (kq:k; ky; k' q': ki k3).
Naturally, partitioning of @ into disjoint subspaces
as a result of spin permutation symmetry introduces
an addition facet to the problem; this is discussed in
Section 3.

2.2 Structure of -~ over ®

The matrix elements of the  matrix for the
single quadrupole spins are already known from
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[13, 16] being derived from
{T*9(ky k) |[T?9(20), T 9 (ki k3 1-)

type terms that are characterized by a @ (k/k’)
term that vanishes unless (k+/+ k") is odd. All
these follows from the Wigner-Eckert theorem
which also determines the matrix elements of the
bilinear term,

T (k) ko) [ [T ), T¥O (ki k5 1-)

k’ .
=2[ 1M (-1)k (—q 0 q,)(_l)” (U
. , I k' k
) {k L k} ‘k 153 k’ LKk (10)
L L L)\, I, I, b k5 ko

(@ (ki 1y ki) + (= DM@ (hy K3
where the phase terms from (A7) of [16] are
A=(+k+k'+2(1,+ 1),
a=h+ki+ki+k,+ki+1.

Restricting our attention to the [3/2:3/2] prob-
lem and the explicit conventional terms of (3)
ensures that (10) becomes

T (k) ko) | <O (11) | TFD (k7 k3)Y

:.2[11/2(_1)k—q( k1 k/){kl [ ki}

—q 0 ¢q') 372 3/2 312
[l ké}{ﬁ i i}
’ 1 Kl 1
3/2 3/2 3/2 L ks ks

(@ (kL kj) + (= DITRRD (ka1 k)] (11
However, the occurrence of the biquadratic term in
molecular paramagnetism of specific- metal-metal
cluster solids suggests that a search for higher order
bilinear terms (or k-th dot products) in NQR
quadrupolar spin-spin effects could be of value.

3. Symmetry Aspects
3.1 Liouvillian Bases for I =z 1 Spin Clusters and their
Symmetry Projection Superoperators

Irreducible representations, Irreps., of a spin
cluster under the symmetry group S, over Liouville

space may be derived from the group algebra by
taking the Liouvillian invariance as the product of
the ' IMx) space invariance of the identical spin
system [4]. Such a procedure arises because the
kqv) space constitutes a self inner direct product
space under the specific subgroup of identical order
to that used in | /Mx) space. Hence, it follows that

Py kquy={P,s|kqv) P} oy (12)
provides a definition of the projection superoperator.
From such considerations, it follows that

tr#, |kqu)

= 7

w®p'=p

tr Py [ IMa)®(tr P | IMa))"  (13)
and that #, and P,(®) are related by a simple iso-
morphism.

The irreps. for the system [4]; for /=1 under S;
has been given previously from the invariance
properties under the group [4]. Such recent formal-
isms extend the general forms for | IMa) space due
to Flurry and Siddall [5]. Hence the symmetry of
Liouville space is defined by

[{(SU(3) ® SU(3) ® SUB)) [x] S5} ® {...11]. (14)

Further direct product formation between the
irreps. of pairs of interacting spin cluster are
common in NMR, but less pertinent for NQR as
the magnitude of couplings needs to be larger in
order to be detectable. The presence of such coupling
can introduce ambiguity in spectral interpretations.

Butler [15] has introduced a convenient notation
for sets of states corresponding to spin “particles”.
This is used in the presentation of the symmetry
properties of clusters of /-3/2 spins under the
appropriate S, group given in Table 1 for n=4.
The state space description arises from considering
permutation properties of both 3/2 and 1/2 sets of
spin functions. The state space irreps. provide suit-
able generators from which to derive the Liouville
space irreps. The series ICI3, ICl3 and ICl; provide,
within the 3/2 nuclei, examples of such sets of
quadrupolar spin systems under S,. Their |IMo)
symmetry is governed by

[ISU(6) [x]1} ® {SUH® SU4) ...)[x] S,j] (15)

in which the clusters of 3/2 spins correspond to 16,
64, and 256-fold spaces. The Liouville space total
irreps. are derivable from the invariance relations
between the two spaces, 7. = 2.
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Table 1. The total and m-th irreducible representations, /', for state space arising from the permutation symmetry of the
[A],. I=3/2, spin cluster under S,, S; and two forms of S, isomorphic to D,4 and Ty. The numeric representational
notation, 1.e., ' = (on left of each S, set) refers to set of states, viz. 3 over set [3 = M = — 3], analogous to the Butler
formalism [15]. The I formalism is additive over m in recursive sense, I = I" "D + ['" originating from [~ ™ (ma%),

The respective total irreducible representation, I and I', over | IMx) and |kqv}) spaces are presented at the foot of the
table. Notice that the subscripted degeneracies of I” =3, etc., do not imply that all such sets belong to one specific
representation, only that within such a set the states belongto I',.

n=2 n=3 n=4; D,y T,
r r r r r r r r
4
54 B,+ E T,
9/2 A, 46 24, + B+ B+ E A+ E + T,
304 @ 2y £ . A+ A4, +2B,+3E A £04 5
2 B (4+B) 525, A +E 2, 34 +4,+2B+ By+2E A+2E+T,+ T,
1 4 (Q4+B) 32y A+A+E s 4, +2B,+3E T, 427,
0 B (24+2B) 172 E 04 24, +2 B, 2E
IMoy; 104+6B 204, +44,+20, E 554, + 154, + 21 B, 344+ 21E+ 15T,
=16 =64 +45B,+ 60, E +45T,=256
kqry: 1364+ 120B 8164, + 560 4,
=256 + 1360, E = 4096

The symmetry properties over Liouville space of
two [A], systems for higher spins are considered in
Table 2 and 3. These are discussed in the context of
earlier experimental NQR experiments. Anisotropic
Q-Q couplings even within a single spin cluster
involve multichannel interactions that are analogous
to those of the [AX], spin system in NMR under S,
discussed by Corio [6] and Jones [17] in state space
context.

3.2 Basis for the solid state X, Q— Q problem

In the case of solid Br, both AX and [A], spin
systems occur whereas only the latter apply to solid
[,. The presence of asymmetry in these systems
implies that selective irradiation approach to NQR,
such as discussed for the 3/2, =0 problem [18],
are not applicable, here. Further, the inclusion of
mirror symmetry of the unit cell of such solids
necessitates consideration of a pair of such [4],
molecular spin systems. As shown in Tables 2 and 3,
the Irreps. for the corresponding [3/2 — 3/2] and
[5/2 = 5/2] systems span

I'=136A4+120B
and
I =666A4+ 630B

components, respectively, for the single pairs of
spins over kqt) space.

To represent the full internal-external symmet-
rized bases in the multipole formulation, one writes

ZKi (%), = T* (kyky:p) £ TF (ki ky:p) . (16)

An essential point in further detailed treatment of
such systems under the impact of anisotropic qua-
drupolar spin-spin coupling, and including the small
e.f.g. asymmetry terms, remains the question of
dimensionality. Further, once # becomes significant
the actual bases required will be linear combina-
tions spanning ZX9(%)...Z**=2(£), similar to
those of the Asymmetric top [19].

4. Conclusions

The use of group theoretical methods with a sym-
metrized form of hamiltonian facilitates the parti-
tioning of Liouville space into discrete subspaces.
The dimensionalities of such subset are minimized
under the condition of vanishing e.f.g. asymmetry
terms, 7,. The effect of external (crystal) symmetry
may be incorporated into the factoring process to
optimize the description of multiquantum processes.
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Table 2. The symmetry-adapted Liouville basis com-
ponents T%4(v; u) and their respective dimensionalities ng
over 'kquy space for the [A],, I,=3/2 spin problem
under S,. The lower set of components (f) have been
presented in detail in Table 3 of [4a]. Both Table 2 and
Table 3 arise from the total Liouville basis set being
governed by

+

[T @SU@I+1),0s, {H (® SUQI+ 1)), [x]S,

for this type of general / spin system

(3/2:3/2), S, < C,

kqvy n, n,
T64(33) T59(33)
4
T44(33) T% 33
T24(33) T'4(33)
T00(33)
28 21
Tk4(32: ) 35 Tk4(32: %) 35
Tka(31 :2) 21 T*k4(31: %) 21
Tk4(30 : ) 7 T%4(30: %) 7
9] 84
[1] 45 [f] 36
> on, 136 120
k, kyiko
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